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We have examined a piezoelectric unimorph cantilever �PUC� with unequal piezoelectric and
nonpiezoelectric lengths for vibration energy harvesting theoretically by extending the analysis of a
PUC with equal piezoelectric and nonpiezoelectric lengths. The theoretical approach was validated
by experiments. A case study showed that for a fixed vibration frequency, the maximum open-circuit
induced voltage which was important for charge storage for later use occurred with a PUC that had
a nonpiezoelectric-to-piezoelectric length ratio greater than unity, whereas the maximum power
when the PUC was connected to a resistor for immediate power consumption occurred at a unity
nonpiezoelectric-to-piezoelectric length ratio. © 2010 American Institute of Physics.
�doi:10.1063/1.3521389�

Piezoelectric energy harvesting devices which offer the
advantages of small size, high electromechanical coupling,
and ease of miniaturization have been increasingly investi-
gated as an enabling technology for self-powered systems
such as wireless sensor networks.1–3 In particular, piezoelec-
tric unimorph cantilevers �PUCs� consisting of a piezoelec-
tric layer bonded to a nonpiezoelectric layer have been one
of the most studied piezoelectric vibration/impact energy
harvesting devices.4–6 So far most of PUC energy harvesters
consist of a piezoelectric and a nonpiezoelectric layer that
are of the same lengths. Gao et al.7 studied PUCs with un-
equal piezoelectric and nonpiezoelectric lengths with a con-
centrated force applied at the tip and found that the PUC
with a longer nonpiezoelectric layer gave a larger induced
voltage. Furthermore, the induced voltage increased mono-
tonically with an increasing nonpiezoelectric length. The
situation of energy harvesting from a vibration source is of

both fundamental and practical importance. However, it is
not clear whether the induced voltage simply increases
monotonically with an increasing length ratio between the
piezoelectric and nonpiezoelectric layers or there exists an
optimal length ratio under dynamic loading. The purpose of
this study is to examine the induced voltage as well as power
of PUCs of unequal piezoelectric and nonpiezoelectric
lengths under vibration of a given frequency.

A PUC with unequal piezoelectric and nonpiezoelectric
lengths can be treated as a two-section beam: section-1, com-
prised of the piezoelectric layer, nonpiezoelectric layer and
bonding layer, and section-2, comprised of either the nonpi-
ezoelectric layer �Fig. 1�a�� or the piezoelectric layer �Fig.
1�b��. Eurturk et al. proposed a differential equation that
governs the deflection of a PUC with equal piezoelectric and
nonpiezoelectric lengths.8 This differential equation can be
generalized to apply to a two-section PUC as
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FIG. 1. Schematics of PUCs with �a� a
longer nonpiezoelectric layer and �b� a
longer piezoelectric layer.
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where subscripts i=1 and 2 stand for section-1 and section-2,
respectively, wrel,i�x , t� denotes the cantilever deflection rela-
tive to the base motion, Di denotes the bending modulus, cs,i
denotes the equivalent strain rate damping coefficient, Ii de-
notes the area moment of inertia of the cross section, mi
denotes the mass per unit length, �i denotes a piezoelectric
coupling term,8 ca denotes the viscous air damping coeffi-
cient, v�t� denotes the voltage across the piezoelectric layer,
��x� denotes the Dirac delta function, and x1,i and x2,i denote
the boundaries of the electrodes on the piezoelectric layer
with x1�x�x2 and wb�x , t� denotes the base motion. The
relative deflection of section-i in a freely vibrating two-
section PUC can be expressed as9

wrel,i�x,t� = �
r=1

�

hi,r�x��r�t� , �2�

where hi,r�x� and �r�t� are the eigenfunction and the time-
dependent function of the rth mode vibration, respectively.
The expressions for hi,r�x� and the resonant frequency of the
two-section PUC were obtained using the transcendental-
equation procedure described by Shen et al.10 Substituting
Eq. �2� into Eq. �1� and following the procedure in Ref. 8,
the expressions of wrel,i, induced voltage, current, and power
were obtained. The details of the procedure will be published
subsequently.

Experimentally, PUCs comprised of a 127 �m thick
lead zirconate titanate �PZT� layer �PSI-5H4E, Piezo Sys-
tems, Inc., Woburn, MA� bonded to a 50 �m thick stainless
steel �SS� layer were fabricated. The length of the PZT layer
in all the PUCs was 39.5 mm while the length of the SS layer
was varied from 10 to 70 mm. The widths of all the PUCs
were 5.5 mm. The average thickness of the epoxy bonding
layer was 40 �m. For power generation, the PZT was con-
nected to a resistor as shown in Fig. 1. The PUCs were
vibrated at their first-mode resonant frequencies by using a
mechanical shaker. The induced voltage across the PZT layer
was measured by using an oscilloscope. The tip displacement
of the PUCs and the base vibration amplitude, Ab, were mea-
sured by using a laser displacement meter. The base accel-
eration amplitude, ab, was obtained from ab=Ab�b

2, where �b
is the angular frequency of the base vibration. In the calcu-
lation, instead of theoretically evaluating the strain rate
damping and viscous air damping coefficients, the mechani-
cal damping ratios of the PUCs measured by using the loga-
rithmic decrement method11 under short-circuit �SC� condi-
tion were used.8 The capacitances of the PZT layers were
also measured and used in the calculation. Since the PUCs
were vibrated at their first-mode resonant frequencies, the
contributions from higher modes were neglected. In the fol-
lowing, the resonant frequency refers to the first-mode reso-
nant frequency unless otherwise indicated.

In Fig. 2�a�, the SC resonant frequencies of the PUCs
were plotted versus the SS/PZT length ratio, 	, which shows

that the calculated values were consistent with the experi-
mental results. It is interesting to note that a maximum reso-
nant frequency occurred at 		0.75. The induced voltage
amplitude and tip displacement amplitude normalized by the
base acceleration amplitude at open-circuit �OC� condition
were shown in Figs. 2�b� and 2�c�, respectively. As can be
seen, the experiments and the calculations were in good
agreement and the induced voltage increased with an increas-
ing 	. In Fig. 2�c�, we missed some of the tip displacement
data as they were out of the range of the laser displacement
meter. The error bars of the calculations were estimated from
the tolerances of the material properties provided by the
manufacturers. In Fig. 2�d�, the power consumed by an op-
timal resistive load, which matched the impedance of the
PUC, was plotted versus 	. Note that the optimal load resis-
tances of the PUCs were not necessarily the same as the
resonant frequencies and damping ratios of the PUCs were
different.12 As can be seen in Fig. 2�d�, the experiments and
calculations were in good agreement and the power increased
with an increasing 	. The experimental results validated the
above described analytical approach toward a two-section
PUC.

Using the validated analytical approach, a case study
was carried out to compare the induced voltage and power of
PUCs of different 	 for a presumed fixed base vibration
frequency of 90 Hz. All PUCs had the same PZT and epoxy
thicknesses of 127 and 40 �m, respectively, and the same
width of 5.5 mm while different SS thicknesses �50, 100, and
200 �m� were examined. For a PUC of a given PZT length,
the SS length was chosen such that the OC resonant fre-
quency, fOC, of the PUC matched the base vibration fre-
quency, 90 Hz. A mechanical damping ratio of 0.9%, based
on the average of the measured damping ratios of the PUCs
in the above experiments was used. In Fig. 3�a�, the PZT and
SS lengths of PUCs with fOC=90 Hz were plotted versus 	.
As can be seen, for a given SS thickness, there was a finite
range of PZT and SS lengths that can result in an fOC of 90
Hz. If the PZT length was greater than a certain value �42,
48, and 57.9 mm for 50, 100, and 200 �m thick SS, respec-
tively�, no SS length could be adjusted to give an fOC of 90
Hz. Similarly, if the SS length was greater than a certain

FIG. 2. �a� SC resonant frequency, �b� OC induced voltage, �c� OC tip
displacement, and �d� power with an optimal resistive load �OL� of PUCs
with different SS/PZT length ratios, 	. The vertical dashed line indicates the
unity 	.
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value �47.1, 50.7, and 56.4 mm for 50, 100, and 200 �m
thick SS, respectively�, no PZT length could be adjusted to
give an fOC of 90 Hz. In Fig. 3�b�, one can see that the OC
induced voltage peaked at 	
1 for all SS thicknesses. This
is because, as shown in Fig. 3�a�, when 	 increases from
unity, the SS layer as well as the entire PUC is getting longer.
As a result, the PUC becomes more flexible for deflection
which tends to generate a larger induced voltage under the
same vibration. On the other hand, the smaller PZT length
associated with a larger 	 reduces the length of section-1,
thus increases the stiffness and decreases the deflection and
induced voltage in section-1. These two competing effects,
the decrease of the stiffness of the entire PUC and the in-
crease of the stiffness of section-1, result in the optimal 	 in
Fig. 3�b�. For a PUC with 	�1, section-2 is comprised
solely of the PZT layer �Fig. 1�b�� which produces no net
induced charges as the strain neutral axis in section-2 is lo-
cated at the midpoint of the thickness of the PZT layer. Such
an “inactive” portion of the PZT layer decreases the overall
induced voltage.7 Furthermore, the induced voltage was also
affected by the thickness of the SS layer. As shown in Fig.
3�b�, for the same 	, the OC induced voltage increased with
the SS thickness. This was because, with a thicker SS layer,
the PZT layer was farther away from the strain neutral axis
and therefore a larger average strain can be generated within
the PZT layer.8 The optimal 	 also increased with an in-
creasing SS thickness: 1.28, 1.45, and 1.71 for 50, 100, and
200 �m thick SS, respectively. In addition, the enhancement
in terms of the OC induced voltage at the optimal 	 com-
pared to that at 	=1 also increased with an increasing SS
thickness: 4.6%, 8.4%, and 16.9% for 50, 100, and 200 �m
thick SS, respectively.

The power dissipated over a resistive load connected to
the PUCs was also examined at 90 Hz. The optimal load
resistance, Ropt, of the PUCs was plotted as a function of 	
in Fig. 4�a� together with the corresponding induced voltage,
Vin. The behavior of Vin was found to be similar to the OC

induced voltage in Fig. 3�b�. The Vin peaked not at 	=1 but
at an optimal 	 which was greater than unity. Both the op-
timal 	 and the enhancement of Vin increased with an in-
creasing SS thickness. However, the maximum power, which
is determined by Vin

2 /2Ropt, peaked at 	=1 as shown in Fig.
4�b�. The different behaviors of the Vin and power are due to
the dependence of Ropt on 	 as shown in Fig. 4�a�. Thus, for
applications that require a high Vin, the optimal 	 should be
chosen whereas a unity 	 should be used when a high power
is required. An 	 between unity and the optimal value may
be chosen to obtain both appropriate Vin and power.

The present work showed that the maximum OC induced
voltage which is important for capacitor or battery charging
for later use occurred with a PUC that had a
nonpiezoelectric-to-piezoelectric length ratio greater than
unity. On the other hand, the maximum power, when the
PUC is connected to a resistor for immediate power con-
sumption, occurred at a unity nonpiezoelectric-to-
piezoelectric length ratio.
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FIG. 3. Calculated �a� PZT and SS lengths as a function of the SS/PZT
length ratio, 	, for PUCs with an fOC of 90 Hz and �b� the corresponding
open-circuit �OC� induced voltage under 90 Hz base vibration. The vertical
dashed line indicates the unity 	.

FIG. 4. Calculated �a� induced voltage �dashed curve� and optimal load
resistance �solid curve� and �b� power output as a function of SS/PZT length
ratio, 	. The vertical dashed line indicates the unity 	.
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